We theoretically analyze a discrete Schrödinger chain with hopping to the first and second neighbors, as can be realized with zigzag arrangements of optical waveguides or lattice sites for cold atoms. Already at moderate values, the second-neighbor hopping has a strong impact on the band structure, leading to the emergence of a new extremum located inside the band, accompanied by a van Hove singularity in the density of states. The energy band is then divided into a subcritical regime with the usual unique correspondence between wave number and energy of the travelling waves, and a supercritical regime, in which waves of different wave number are degenerate in energy. We study the consequences of these features in a scattering setup, introducing a defect that locally breaks the translational invariance. The notion of a local probability current is generalized beyond the nearest-neighbor approximation and bound states with energies outside the band are discussed. At subcritical energies inside the band, an evanescent mode coexists with the travelling plane wave, giving rise to resonance phenomena in scattering. At weak coupling to the defect, we identify a prototypical Fano-Feshbach resonance of tunable shape and provide analytical expressions for its profile parameters. At supercritical energies, we observe coupling of the degenerate travelling waves, leading to an intricate wave packet fragmentation dynamics. The corresponding branching ratios are analyzed.
I. INTRODUCTION
In many fields of physics, understanding and controlling the propagation and scattering properties of waves is of profound importance [1] . Matter wave scattering from a localized defect within the framework of the Schrödinger equation is one of the most basic, yet at the same time fundamentally important, problems of single particle quantum mechanics. This is particularly true in view of present-day technology which makes it possible to fabricate devices that are adequately described by basic quantum mechanical models, for example in electronics [2, 3] . At the same time, ultracold atom experiments are also entering the regime of mesoscopic physics [4] [5] [6] , promising to make the enormous toolbox for cold atomic gases accessible in quantum transport investigations. The complexity of a scattering problem is not solely determined by the actual scatterer, but crucially depends on the structure of the asymptotic regions supporting the in-and outgoing waves. For instance, the interplay of different transverse modes of quasi-one dimensional quantum waveguides gives rise to a rich variety of resonance phenomena, even when considering only a point-like scatterer [7] [8] [9] [10] [11] , see also the confinement induced resonances in ultracold two-body collisions [12, 13] . Nontrivial effects can also arise from an intricate discrete structure of the asymptotic leads, e.g. in carbon nanotubes or * jstockho@physnet.uni-hamburg.de † pschmelc@physnet.uni-hamburg.de graphene [14] [15] [16] . Here, the detailed structure of the leads can often be modeled theoretically within a tightbinding approximation [17] , representing the material by an abstract multiply-connected lattice of discrete sites. At the same time, tight-binding lattices beyond the standard first-neighbor approximation have also received considerable recent attention in the realm of cold atoms. Protocols employing ions or Rydberg atoms have been proposed for the simulation of bosonic Hubbard models with long-range hopping [18] [19] [20] . A powerful method for enhancing specifically the second-neighbor hopping term in a Hubbard chain relies on rearranging the lattice sites in a zigzag geometry [21] . This has been implemented [22] in evanescently coupled optical waveguide arrays [23] , whose versatile applicability for the simulation of quantum scattering phenomena was also demonstrated in the realization of Klein tunneling [24, 25] . Effects of the second-neighbor hopping on nonlinear excitations [21, 26, 27] , Bloch oscillations [28] [29] [30] , wave localization [31] , or the Mott insulator transition [32] have been investigated. Recently, several studies have explicitly addressed ultracold atoms in zigzag lattice geometries, both with interactions [33, 34] and without [35] . Here, the zigzag geometry could be obtained experimentally by singling out a strip from an extended two-dimensional triangular optical lattice [36] , or using recently demonstrated techniques for designing essentially arbitrary in-plane optical potentials [37, 38] . The hallmark signature of sizable second-neighbor hopping in a noninteracting tight-binding chain is a deformation of the band structure, causing the emergence of arXiv:1506.01937v1 [cond-mat.quant-gas] 5 Jun 2015 a split band edge [21] (see also [39] ) and a corresponding van Hove singularity in the density of states located inside the band [40] . We will investigate here the influence these features have when the zigzag lattice constitutes the asymptotic region of a scattering problem. This setup has the advantage of providing nontrivial, yet generic, band structure features, while at the same time being accessible to analytical methods. In fact, for similar reasons, it has been briefly suggested before as a minimal model for illustrating the Fano-Feshbach resonances [41, 42] in elastic light scattering off an obstacle [43] , but only a restricted parameter range of the model was considered there. Beyond-first neighbor discrete Schrödinger lattice models also arise in the description of macromolecules such as DNA [44] , and in this context the zigzag defect problem has been discussed in [40] , with a focus, however, on bound states instead of scattering properties. Going beyond these works, we provide a comprehensive analysis of scattering from a localized defect in the zigzag geometry for a wide range of lattice parameters and energies, identifying pronounced resonance features and the possibility of wave packet fragmentation induced by the second-neighbor hopping. Our presentation is structured as follows: In Sec. II, we introduce the model and give a detailed discussion of the band structure features in the absence of the defect. Sec. III explores the constraints imposed on stationary scattering solutions by continuity. In Sec. IV, we discuss bound states at the defect, before entering the discussion of scattering states. Here, we distinguish two energetic regimes, a subcritical one in which the interplay of a closed and an open channel induces a Fano-Feshbach resonance (Sec. V), and a supercritical one in which two open channels coexist and can be coupled to each other via scattering (Sec. VI). In both regimes we provide analytical results for the stationary scattering solutions and show corresponding simulations of the wave packet dynamics. Finally, we summarize and conclude in Sec. VII and give a brief outlook on future perspectives.
II. SETUP AND BAND STRUCTURE
The discrete Schrödinger model we will be concerned with in the following has the general form
Here, τ denotes time, j ∈ Z is the site index, and we allow for site-dependent first (t ± 1,j ) and second (t ± 2,j ) neighbor hopping and an on-site potential term V j . The hopping matrix is constrained by t
We use dimensionless units throughout. Such discrete Schrödinger models arise in a variety of contexts [45] , with correspondingly different physical interpretations of the terms. When thinking of ultracold atoms, Eq. (1) describes the dynamics of a single particle (or a condensate of noninteracting bosons [46] ) in a lattice potential within the lowest-band approximation, i.e. taking into account a single localized Wannier mode per lattice site. We will not consider interactions here, noting that for many atomic species an effectively noninteracting limit can be prepared experimentally making use of internal-state Feshbach resonances [47] . Moreover, for the nearest-neighbor chain scattering results from the noninteracting system have been found to provide valuable information even in the presence of interactions [48, 49] .
Let us first discuss the homogeneous system with V j = 0, t
A sketch of this setup is shown in Fig. 1 , illustrating also the connection to the zigzag arrangement of lattice sites that this model is tailored for. In the zigzag lattice, the opening angle θ effectively tunes the relative distances between first and second (in index) neighbor sites, and thereby also the relative values of the hopping amplitudes to the first and second neighbors [21, 22] . Hopping matrix elements beyond the second neighbor are neglected. In the homogeneous case, the model is invariant under spatial translations and Eq. (1) admits stationary plane wave solutions of the form
where k denotes the quasi-momentum which can be restricted to the first Brillouin zone −π < k ≤ π. The corresponding dispersion relation is given by
This dispersion curve is shown in Fig. 2(a) for the case t 1 = t 2 = 1. Characteristically, when increasing the second-neighbor hopping t 2 the global minimum of E(k) remains at k = 0, E 0 = E(0) = −2(t 1 + t 2 ), while the maximum of the dispersion is shifted away from k = π (which itself transforms into a local minimum) as soon as t 2 > t 1 /4, which is the case we will mostly focus on in the following. In particular, this implies that above a certain energy E c within the band the dispersion is degenerate, in the sense that for E > E c there are two distinct quasi-momenta k 1 , k 2 with
. Remarkably, the group velocity
is thus no longer in unique correspondence to the energy: The zigzag model permits wave packets of the same energy that travel at different velocities in the lattice. The group velocity curve v(k) is also shown in Fig. 2(a) . For our model, the critical energy above which this travelling wave degeneracy occurs (given t 2 > t 1 /4) explicitly reads as
while the split upper band edge is located at
In the limit of dominant second-neighbor hopping, t 2 t 1 , this implies k c → 0, k m → π/2, such that for large t 2 eventually the degeneracy region covers the whole band. In contrast, for weak second-neighbor hopping, t 2 < t 1 /4, E c = 2(t 1 − t 2 ) marks the upper band edge at k = ±π, while E m = 2t 2 + t 2 1 /(4t 2 ) lies outside the band. Consider t 2 > t 1 /4, then the qualitative deformation of the equienergy "surface" in k-space when crossing the critical energy E c may be thought of as the basic ingredient for observing a topological transition in the corresponding fermionic many-body system in the sense of [50] . For a Fermi energy near E c , the Fermi surface topology will be sensitive to small variations of the model parameters. Characteristically, the formation of additional stationary points of the dispersion curve at the critical energy E c leads to the emergence of a van Hove singularity in the density of states which is shown in Fig. 2(b) . The above considerations already suggest that by tuning the hopping parameters one can control the propagation and dispersion properties of wave packets in the homogeneous zigzag lattice, as has been suggested in [21] . Here, we analyze the effects of the band structure deformation induced by the second-neighbor hopping if the translational invariance of the system is broken and the plane waves are coupled to each other. The most fundamental framework to study this is a scattering setup, with a localized defect that breaks the homogeneity, while the asymptotic zigzag regions are undisturbed. Specifically, we will consider a localized on-site potential, V j = V δ j,0 . Away from this defect, in the asymptotic regions of the lattice, we again assume first-and second-neighbor hoppings t 1 > 0 and t 2 > 0 which are independent of the site index. In general, a local manipulation of the lattice that causes the on-site potential shift at the defect site will also affect the hopping matrix elements to this site, cf. the discussion in [51] . To keep the number of parameters tractable, we will partially account for this by assuming that first-and second-neighbor hoppings that connect to the defect site are rescaled compared to the respective background values by a common factor γ > 0. A local tuning of the hopping parameters only (without significantly altering the on-site potentials) is possible via a local variation of the inter-site distances [51] . We will thus assume γ and V to be essentially independently tunable parameters. The scattering setup is sketched in Fig. 3 . Then, after the separation ψ j (τ ) = φ j exp(−iEτ ) with a time-independent φ j and the energy E, the stationary discrete Schrödinger system of equations explicitly reads
for |j| > 2, while
Let us first discuss the asymptotic regions of |j| > 2, governed by Eq. (4). Here, the homogeneous zigzag lattice discussed above is recovered. However, since we now look for piecewise solutions on the semiaxes j > 2, j < −2 only, we cannot restrict to the travelling plane waves, but need to take into account the possibility of evanescent waves which exponentially decay for j → ±∞, respectively. The fundamental solutions in the asymptotic regions are thus of the form φ j ∝ exp(iKj) with a complex K. From Eq. (4), K needs to satisfy the dispersion relation E = E(K) as in Eq. (2). For our model, we can explicitly invert this to K(E), with the result
where for definiteness we choose the upper sign for K 1 , the lower for K 2 . At a given energy E the equation E(K) = E thus has four complex solutions coming in pairs ±K 1 , ±K 2 . These solutions, again for t 1 = t 2 = 1, are visualized in Fig. 4 at different values of E. Qualitatively, the results do not change for other values of the hopping parameters as long as t 2 > t 1 /4. We can distinguish four different regimes. For E < E 0 , i.e. below the lower band edge, we find one pair of solutions that is purely imaginary, while the other has a non-vanishing imaginary part and a constant real part of π. Correspondingly, in this interval we have found no travelling waves. At E 0 , the former pair of solutions turns purely real: There is now one pair of real solutions (corresponding to the travelling plane waves found before) and one pair of evanescent solutions of the form ±K 2 = π + iκ with κ ∈ R. At E c , the imaginary part of this second pair also goes to zero, and for E c < E < E m we are left with two real solutions, corresponding to the two degenerate travelling waves we have observed in the band structure. Finally, at E m there is a pairwise collision of the solutions in the complex plane upon which they leave the real axis and form a complex quartet. Let us contrast this to the case of weak secondneighbor hopping, t 2 < t 1 /4. Then below E c (which in this case denotes the upper band edge) the situation is qualitatively the same as in panels (a) and (b) of Fig. 4 , with the K 1 pair of solutions turning real at E 0 and then moving towards ±π with increasing energy. However, now at E c it is not the K 2 pair of solutions that also reaches the real axis, but instead the K 1 solutions reach ±π first and branch off along the imaginary axis, forming a second pair of the form ±(π + iκ) for E c < E < E m . Eventually, at E m there is again a pairwise collision (now taking place at the axes of ±π real part) upon which a complex quartet in the plane is formed. For t 2 → 0 this second collision is pushed to infinite energies and the nearest-neighbor scenario is recovered.
From these considerations, one can already estimate the gross overall scattering features in the different energy ranges for t 2 > t 1 /4: Outside the band, below E 0 or above E m , there are no travelling wave solutions at all, but bound states at the defect are expected. In the subcritial energy regime, i.e. for E 0 < E < E c , there is one travelling wave (open scattering channel) coexisting with an evanescent mode (closed channel), which may give rise to scattering resonances. Finally, for supercritical energies with E c < E < E m , both channels are open and may be mixed during scattering events. These three different regimes will be analyzed in detail in the following.
III. CONTINUITY EQUATION
Before entering into the discussion of the scattering properties of the point defect, let us first discuss the constraints on the scattering coefficients due to local probability conservation. Globally, the discrete Schrödinger equation (1) 
This identity holds at each j and independently of the set of on-site potentials {V j }. It may be thought of as a Kirchhoff-type balance equation, relating the change of probability at a site to the currents in the four links connected to this site. Now, in spite of the multiconnectedness of the lattice due to the second-neighbor hopping, we can rewrite this in the form of a standard one-dimensional continuity equation by defining a local current as
Then Eq. (7) reads as
where the symmetry t
α,j+α of the hopping matrix has been used. In particular, Eq. (9) implies that for a stationary solution the current is a global constant, J j ≡ J for all j. In scattering scenarios, this equation relates the coefficients of the fundamental solutions in the asymptotic regions left and right of the defect [52] , see below. We note that a generalization of the above concepts, in particular of the expression for the local current, for one-dimensional lattices with more extended hopping (beyond the second neighbor) is possible.
IV. BOUND STATES
We now turn to the zigzag scattering setup as shown in Fig. 3 . In this section we briefly discuss bound states at the defect, having energies E outside the band. Then, as seen above, all solutions of E = E(K) have a nonvanishing imaginary part. Let K 1 , K 2 denote the two solutions whose imaginary part is positive (to prevent asymptotic exponential growth), then we search for bound states in the form 
and simultaneously
Both below and above the band it is readily found that the expression on the right hand side of Eq. (12) is real. Thus, one can conclude that for any bound state energy E b outside the band and any fixed γ, there is precisely one value of the defect potential V that produces precisely one bound state at this energy. This V (E b , γ) is given by Eq. (12). Fig. 5(a) shows the corresponding dependence of V (horizontal axis) on the bound state energy E b (vertical axis) for different values of γ. Conversely, it illustrates that for γ = 1 each defect potential V = 0 also produces precisely one bound state (which lies below the band for V < 0 and above the band for V > 0). In contrast, if γ < 1 then for V in a region around zero there is no bound state at all, while if γ > 1, for V in a region around zero there are two bound states (one above, one below the band). For large values of the defect potential |V |, the bound state energy E b ≈ V , irrespectively of γ, as is expected from perturbation theory. This limit is accompanied by an increasing localization of the eigenmode when energetically moving away from the band. Obviously, also in the decoupling limit γ → 0 we find E b → V and asymptotically perfect localization at the defect. The relations between the coefficients in Eqs. (10, 11) ensure that the global phase of the wave function can be chosen such that it is real (as is to be expected from time-reversal symmetry). Thus, the continuity equation (9) is trivially satisfied with J = 0. Qualitatively, these features have been observed before for models with nearest-neighbor hopping only [51] and for weak second-neighbor hopping [40] . In the limit of t 2 → 0, the imaginary part of K 2 diverges, such that sin
, from which it follows that exp(−iK 1 ) = −V /(2t 1 )± V 2 /(2t 1 ) 2 + 2γ 2 − 1, recovering the nearest-neighbour result of [51] , while at the same time Eqs. (10, 11) A crucial difference to the nearest-neighbor model, however, is the absence of symmetry between bound states above and below the band. When t 2 = 0, the staggering transformation φ j → (−1) j φ j maps a stationary solution at energy E for the potential strength V to a solution at energy −E for the potential strength −V . In particular, this implies that the bound state(s) at +V and −V share the same density profiles and differ only in their local phases, cf. [51] . Invariance under the staggering transformation does not hold in the presence of the second-neighbor hopping term. Thus, upon changing the sign of the defect potential V , the corresponding bound states feature different density profiles. This can be seen in panels (b) and (c) of Fig. 5 . Notably, inter-ference between the two evanescent waves constituting the bound state allows for a nonmonotonic density decay away from the defect site. This feature is most apparent in the extreme limit of t 2 t 1 , where the zigzag lattice separates into two essentially decoupled chains and thus the bound states at the defect will dominantly populate every second site.
V. SCATTERING AT SUBCRITICAL ENERGIES
From here on we focus on energies lying inside the band of propagating states. In this section we discuss scattering off the defect at subcritical energies E, satisfying E 0 < E < E c . For weak second-neighbor hopping, t 2 < t 1 /4, this energetic regime covers the whole energy band (E c coincides with the upper band edge), while for t 2 > t 1 /4 the critical E c lies inside the band. The following discussion applies to both cases likewise. For E 0 < E < E c , there is a unique real wave number k > 0 with E(k) = E, corresponding to K 1 > 0 as given by Eq. (6). Apart from this, there is a pair of staggered evanescent modes with wave numbers K 2 = π ± iκ where κ > 0 and E(K 2 ) = E. Generally, the interplay of an open and a closed scattering channel is expected to lead to resonance effects, as have been observed for instance in numerous variations of tight-binding lattices with side-coupled defects [53] . In the following, we will explicitly work out the general transmission properties of the zigzag-defect model and in a second step specialize the results to the weak-coupling resonance regime. We first note that cos K 1 + cos K 2 = −t 1 /(2t 2 ) according to Eq. (6), so the parameters of the travelling and the evanescent wave, respectively, at the same energy are related through
where k < k c ensures that κ is real. To obtain the stationary scattering solutions, we employ the Ansatz:
where R, T, A 1 , A 2 and φ 0 are unknown complex numbers and the signs have been chosen such that there is no asymptotic exponential growth. Inserting this into Eqs. (5) now results in a 5 × 5 inhomogeneous linear system of equations which can be solved for
Here, v(k) denotes the group velocity at k as given by Eq. (3). In the limit of t 2 → 0 (such that sinh κ → ∞), we recover the result of [52] for a nearest-neighbor chain disturbed by a defect. Taking also γ = 1, the above expressions reduce to those for a potential-only (no modulation of the hopping) impurity in a nearest-neighbor chain,
Using the continuity equation (9), we find that the contributions of the evanescent modes to the current cancel out and we are left with the probability conservation relation |R| 2 +|T | 2 = 1, where the probability for reflection is explicitly given by
We can immediately read off a number of features here. First, if V = 0 and γ = 1 we recover the trivial case of the homogeneous lattice with p R = 0 at all energies (we will exclude this case in the following). Further, if γ = 0 (i.e., the defect site is fully detached from the lattice), the transmission and reflection probabilities are independent of V , as expected, and interestingly only depend on the ratio sin k/ sinh κ. For arbitrary V , γ, in the low energy limit of k → 0 we find p R → 1, so the transmission probability p T = 1 − p R vanishes, and neither the defect site nor the evanescent mode are notably excited, φ 0 → 0, A 1 → 0, as is seen from Eqs. (15, 16) . In contrast, approaching the upper edge of the energy interval, E → E c , we need to distinguish two cases. For t 2 < t 1 /4, E c coincides with the upper band edge and the corresponding k = π, while κ remains finite. Thus, p R → 1 and the transmission probability drops to zero when approaching E c . In contrast, for t 2 > t 1 /4 we have sinh κ → 0 when E approaches E c from below, while sin k c and v(k c ) remain finite and thus the transmission probability becomes unity. This full transmission effect is independent of the detailed features of the defect in that it persists for arbitrary V , γ. Comparable transmission resonances at energies where a new scattering channel opens have been observed in transverse-multimode waveguides [7, 11, 54] , see also [55, 56] . The full transmission at E c is accompanied by A 1 → −1, so the evanescent waves (whose decay length goes to infinity as E → E c ) are excited at an amplitude identical to that of the incoming travelling wave.
Furthermore, φ 0 → 0. All these features can be observed in Fig. 6 . Apart from the limiting cases at the edges of the energy interval, it is seen that the transmission probability also becomes unity if V + E(γ 2 − 1) = 0. Thus, if the energy
2 ) lies in the interval E 0 < E T < E c , this produces a transmission resonance inside the band. Notably, this can only occur for γ = 1. Similarly, p R = 1 if V + E(γ 2 − 1) + γ 2 (2t 1 + 8t 2 cos k) sinh κ = 0, leading to a reflection resonance inside the band if the energy E R that satisfies this equation lies in the interval E 0 < E R < E c . In the weak-coupling limit of γ → 0 the latter transmission and reflection resonances both approach V . Thus, if now the defect energy satisfies E 0 < V < E c , for E ≈ V the transmission properties of an incoming wave will depend very sensitively on its energy, as is most clearly seen in the corresponding wave packet dynamics. So far, we have studied stationary scattering solutions. Superimposing these, weighted by a distribution that is localized in k-space, immediately gives insight into the dynamics of wave packets when scattering from the impurity [57] . In particular, for a wave packet that is well localized in kspace (and thus broad in direct space), the reflected and transmitted fraction are immediately determined by the reflection and transmission probabilities of the stationary scattering solution at the central k. We check this by initializing wide Gaussian wave packets centered at different k near the expected resonance and propagating them towards the defect by direct numerical integration of the discrete Schrödinger equation (1) . Explicitly, the initial condition reads ψ j ∝ exp −(j − j 0 ) 2 /w Fano resonance at weak coupling To make the connection to the canonical Fano resonance formalism (see e.g. [58] ), it is useful to rewrite the transmission coefficient as T = F/(F − iG), where
are real functions, cf. [43] . Then, the aforementioned transmission/reflection resonances E T , E R occuring near V at weak coupling correspond to the zeros of G and F , respectively: G(E T ) = 0, F (E R ) = 0. To lowest nonvanishing order in the coupling parameter γ 2 , one can expand the zeros as
where
In a second step, one can linearize F and G around their respective zeros, assuming that these zeros lie close enough to each other such that there is a common region where both linearizations apply (which is certainly true in the limit of γ 2 → 0 in which both zeros coincide and will approximately still hold for small enough γ 2 ). Then the transmission coefficient in the vicinity of the resonances is given by
within the weak-coupling expansion, where the prime denotes a derivative with respect to E. This yields the well-known Fano profile
upon the identifications
To evaluate this, we calculate the zeroth order contributions of the derivatives which we find to be
To lowest order in the coupling, this gives for the Fano asymmetry parameter
Corresponding approximate values for the resonance positionĒ and width Γ can then be obtained by inserting this into the expressions of Eq. (21) . The ensuing prediction of the Fano resonance profile, Eq (20) , is compared to the exact transmission line in Fig. 8 for an example set of parameters, showing very good agreement. As expected, in the weak-coupling limit the width Γ is of order γ 2 , thus producing the characteristic narrow resonance structure.
Eq. (24) suggests a high degree of tunability of the Fano lineshape through the asymptotic hopping parameters t 1 , t 2 of the lattice and the defect potential V . First, we note that in this system q < 0 throughout, thus there is no q-reversal even when V crosses zero. The absolute value of q, on the other hand, is subject to large variations as illustrated in Fig. 9 . When concentrating on small t 2 and |V |, we find the limiting case discussed in [43] in which q −1 and the Fano profile approaches a symmetric Breit-Wigner lineshape [ Fig. 9(a) ]. The same is found more generally when V E 0 and thus the resonance occurs at small k. Interestingly, in the opposite limit of V E c the limiting value of q crucially depends on the ratio of the hopping parameters: If t 2 < t 1 /4, then again q −1, eventually approaching a symmetric Breit-Wigner lineshape [ Fig. 9(b) ]. But if t 2 > t 1 /4, we find that q → 0 instead, asymptoting towards an inverted Breit-Wigner shape [ Fig. 9(c) ]. This qualitative change in q reflects the qualitative change of the transmission probability at E c for the two cases (full transmission for t 2 > t 1 /4, zero transmission for t 2 < t 1 /4). For the former case, the resonance reduces to an approximately symmetric dip on top of a background of transmission unity, while for the latter case it corresponds to an approximately symmetric spike of full transmission on a zero background. In contrast, a maximally asymmetric Fano lineshape with q = −1 is obtained when Fig. 9(d) ].
VI. SCATTERING AT SUPERCRITICAL ENERGIES
We now consider scattering from the defect for energies at which two different propagating waves coexist. As discussed before, this can only happen if t 2 > t 1 /4 and E c < E < E m , which is assumed throughout this section. Let k 1 denote the wave number of the incoming wave and k 2 (of the same sign and thus opposite group velocity) the second solution with E(k 1 ) = E(k 2 ) = E. The scattering Ansatz is now
where again φ 0 is an additional unknown. The terms with prefactors R i , T i correspond to reflected/transmitted waves in the two channels, respectively, while only the exp(ik 1 j) wave is incoming. Note the different choices of signs accordings to the different signs of the group velocities. This Ansatz assumes v(k 1 ) > 0 and v(k 2 ) < 0, thus one of the following two cases must hold, see Fig. 2 .
Inserting the scattering Ansatz into Eqs. (5) and solving the resulting inhomogeneous linear equation now yields
Evaluating the continuity equation (9), we find the following relation reflecting probability conservation
which can be checked to be satisfied by the above explicit expressions. It is worth noting that for the two different wave numbers of the same energy the ratio of the group velocities is given by the simple formula
Formally, replacing k 2 → −π − iκ, Eqs. (13)- (15) can be recovered from Eqs. (25)- (27) . Fig. 10 shows the total transmission probability p T = p T,1 + p T,2 = 1 − p R as a function of the incoming energy E when varying the coupling γ, while keeping t 1 , t 2 , V fixed. We include here both subcritial energies E 0 < E < E c (where there is only one open channel) and supercritical energies E c < E < E m . In the latter range, specifying the energy E does not uniquely fix the incoming wave number (as per our above discussion of the degeneracy of the band structure curve). The two different initial quasi-momenta corresponding to the same E here can be distinguished by their sign, k 1 > 0 or k 1 < 0. First, it can again be seen here that at E c the transmission probability is unity. In the weak-coupling regime, we clearly observe the Fano resonance structure at an energy near V , as discussed before. Increasing the coupling, the transmission and reflection resonances are shifted away from V . The reflection resonance E R moves to larger E. Depending on the details of the parameters, it may reach E c at a finite γ 2 and then cease to exist (this happens at γ 2 = 1 − V /E c if the latter quantity is positive). Interestingly, in the case shown here, with E c = 0, the reflection resonance does not vanish at a finite γ 2 , but instead becomes very narrow and asymptotes to E c (where, as noted before, full transmission is found). Thus, also at stronger couplings we identify a region in which the transmission probability sensitively depends on the incoming energy (similar to the Fano resonance interval at weak coupling), namely for energies just below E c . The fate of the transmission resonance E T = V /(1 − γ 2 ) is mainly determined by the sign of V . For V < 0, as is the case in Fig. 10 , it drifts towards the lower band edge E 0 and disappears there at γ 2 = 1 − V /E 0 . In cases with 1 − V /E c finite and positive, the transmission resonance reappears at E c for larger γ 2 . This does not happen here due to E c = 0 in the example. For 0 < V < E c , E T first drifts towards E c with increasing γ 2 instead.
In addition to the total transmission probability, Fig. 10 also displays the respective contributions of the second channel in the reflection and the transmission, respectively, see Eq. (28) . These can be simplified to
Remarkably, the contribution of the second channel to the reflected fraction is thus independent of the defect parameters V , γ and only depends on the incoming momentum k 1 and the asymptotic parameters t 1 , t 2 of the lattice (which determine the corresponding k 2 ). In Fig. 10 , it is clearly seen that p R2 /p R is independent of γ (see also Fig. 12 below) . In contrast, the contribution of the second channel to the transmitted wave does depend on the overall transmission, and thus on the defect details. There are regions of parameter space in which p R,2 /p R or p T,2 /p T approach 1, i.e. where the reflected/transmitted wave is dominated by the second channel (e.g., most prominently for the reflected part at k 1 k c ). This, however, tends to be accompanied by small overall reflection/transmission: Only in regions where just a small part of the incoming wave is reflected/transmitted will the reflected/transmitted part have dominant contributions from the second channel. For more generic parameter values with incoming energies E c < E < E m , there are nonvanishing contributions of both the first (incoming) and the second channel in both the transmitted and the reflected part. This is observed in the wave packet propagation runs shown in Fig. 11 . A wave packet of cenn τ 7.5 % 64.7 % 13.9 % tral momentum k 1 with E(k 1 ) > E c is initialized in the asymptotic region of the lattice. It propagates towards the defect at the group velocity v(k 1 ). After scattering from the defect, there are four wave packets, two corresponding to the incoming channel and propagating at v(k 1 ) (transmitted) and −v(k 1 ) (reflected), respectively. In addition, two new wave packets are emitted symmetrically from the collision event, equal in shape (according to T 2 = R 2 ) and travelling at the velocities ±v(k 2 ). Fig. 11 also displays the final contributions of the four individual wave packets to the total norm. These agree with the weights in Fourier space, as expected. When the initial wave packet is wide enough to be considered essentially localized in momentum space, the weights of the individual wave packets after the separation agree well with the reflection/transmission probabilities extracted from the stationary scattering solutions (within below 1% for the runs shown in the figure). We find that in all cases considered p R,2 + p T,2 ≤ 0.5, thus the transfer to the second channel does not exceed 50%. A qualitative difference between the regimes with incoming k 1 > 0 and k 1 < 0 is worth noting. In the former case, we have |v(k 1 )| > |v(k 2 )|, so the secondary wave packets created in the scattering process lag behind those travelling at the velocity of the incoming wave packet [ Fig. 11(a) ]. In the latter case of −π < k 1 < −k m , we find |v(k 2 )| > |v(k 1 )| instead, so the emerging wave packets at momenta ±k 2 travel at a velocity faster than the initial one [ Fig. 11(b) ].
Finally, let us have a look at the transmission and reflec- tion probabilites as a function of the defect potential V at a fixed coupling γ, as shown in Fig. 12 . A remarkable symmetry property of the scattering coefficients is found if γ = 1 (no modulation of the hopping amplitudes due to the defect), in which case V → −V only causes complex conjugation of T 1,2 , R 1,2 in the E > E c regime and thus the scattering probabilities become independent of the sign of the defect potential. The remnants of this perfect symmetry at γ = 1 can be seen in Fig. 12 , which shows results for γ = 0.8. The second clear feature to be observed in Fig. 12 is the region of large transmittivity at energies close to (and especially just below) E c , independently of the defect potential V , as discussed above in Sec. V. In Fig. 13 we demonstrate that wide wave packets localized at momenta k 1 ≈ k c indeed can pass the defect with little disturbance for vastly different values of V . The small deviations from perfect transmission we attribute to the inevitable finite width in momentum space, together with the fact that for k 1 k c the transmission probability rather quickly drops below unity. 
VII. SUMMARY AND CONCLUSIONS
We have investigated the scattering problem in a discrete Schrödinger lattice with first-and second-neighbor hopping and a single-site defect, as can be realized with evanescently coupled optical waveguides or ultracold atoms. Although the lattice is multiply connected, the continuity equation could be recast into the standard one-dimensional form by introducing a suitable generalized local current. We explored bound states at the defect, noting in particular the absence of symmetry under the staggering transformation. Turning to scattering solutions, an inspection of the band structure of the homogeneous system revealed two different energetic regimes, separated by a critical energy marked by a transmission resonance, independently of the details of the defect. At subcritical energies, one closed and one open channel coexist and give rise to Fano-Feshbach resonance phenomena at weak coupling, where analytical approximations to the Fano lineshape parameters were given that demonstrated a large degree of tunability of the resonance asymmetry. At supercritical energies, there are two open chan-nels which are coupled in the scattering process, giving rise to peculiar wave packet dynamics, where an incoming wave packet splits into multiple fragments moving at different group velocities. The changes of the branching ratios of this splitting process when varying the model parameters were analyzed. In several aspects, our results are reminiscent of those found for a cubic two-leg ladder with two transverse modes, where longitudinal and transverse motion asymptotically decouple [59] . That system, when perturbed by an immersed defect, for instance also exhibits a defectindependent transmission resonance at the threshold energy for the opening of the second channel, and the analog of the wave packet splitting we observe would be a partial transfer into the other transverse mode during scattering, which redistributes energy from the longitudinal motion (thus providing an intuitive explanation for the different group velocities of the outgoing wave packets). Our model is fundamentally different from this cubic ladder because it does not admit the notion of separated longitudinal and transverse degrees of freedom, yet, to some extent the zigzag lattice may be thought of as a continuous deformation of the ladder, cf. [39] . The increased connectivity of the one-dimensional chain due to the second-neighbor hopping to some extent mimicks a second (transverse) dimension. We have chosen here the second-neighbor hopping model with the single-site defect because it is the most simple framework to observe the demonstrated effects and at the same time admits a transparent analytical treatment. Extensions to other types of defects are straightforward, and also a more abstract access in terms of Green's functions has been sketched before [40, 60] . Using nanofiber-based optical traps of helix-shape for ultracold atoms [61] , realizations of related discrete models with sizable hopping to selected remote neighbors (also beyond the second one) may become accessible [30] , with three-dimensional helix arrangements of lattice sites generalizing the zigzag. In that case, the band structure may exhibit multiple extrema within the first Brillouin zone and more channels are added to the problem, suggesting the existence of multiple scattering resonances and enhanced wave packet fragmentation in scattering events.
